
Problem 2 : Solution/marking scheme � Nonlinear Dynamics in Electric Circuits
(10 points)

Part A. Stationary states and instabilities (3 points)

Solution A1: [0.4]

By looking at the I − V graph, we obtain

Roff = 10.0 Ω, 0.1

Ron = 1.00 Ω, 0.1

Rint = 2.00 Ω, 0.1

I0 = 6.00A. 0.1

Solution A2: [1]

Kircho� law for the circuit (U is the voltage of the bi-stable element):

E = IR+ U 0.2

This yields

I =
E − U
R

0.1

Hence, stationary states of the circuit are intersections of the line de�ned by this equation

and the I − V graph of X 0.2.

For R = 3.00 Ω, one always gets exactly one intersection. 0.2
For R = 1.00 Ω, one gets 1, 2 or 3 intersections depending on the value of E . 0.3

Solution A3: [0.6]

The stationary state is on the intermediate branch, one can thus use the corresponding

equation: 0.2

Istationary =
E −RintI0

R−Rint
0.1

= 3.00A 0.1

Ustationary = Rint(I0 − I) 0.1

= 6.00V 0.1
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Solution A4: [1]

The Kircho� law for the circuit reads

E = IR+ UX + L
dI

dt
= IR+ (I0 − I)Rint + L

dI

dt
0.3

This implies

L
dI

dt
= E − I0Rint − (R−Rint)I 0.2

The right relative sign of dI/dt is of importance.

If I > Istationary, we have dI/dt < 0 and I decreases. 0.2
If I < Istationary, we have dI/dt > 0 and I increases. 0.2
We conclude that the stationary state is stable. 0.1

Note: The checkbox gives 0.1 points if �stable� is checked, regardless of the previous rea-

soning (also if there is nothing). A wrong reasoning leading to check the �unstable� option

doesn't however give any point for the checkbox.

Part B. Thyristors in physics and engineering: radio transmitter (5 points)

Solution B1: [1.8]

Since there is a stationary state on the intermediate branch, the cycle cannot go

through this branch (otherwise, it would have stopped there). Hence, the cycle should

only include the switched on and switched o� branches. 0.6
Switched on and switched o� branches have an I − V characteristics of a resistor with

Ron = 1.00 Ω and Roff = 10.0 Ω (see A1). If these branches continued inde�nitely, there

would have been stationary states with

Uon =
Ron

R+Ron
E = 3.75 V, Uoff =

Roff

R+Roff
E = 11.5 V.

Since these stationary states would be unique stationary states, they must be stable. 0.4
On the switched o� branch, the system moves to the right. 0.2
On the switched on branch, the system moves to the left. 0.2
The cycle has the following shape: the system moves to the left along the switched on

branch, at Uh it jumps to the switched o� branch,then moves to the right and at Uth

jumps to the switched on branch again. 0.4

Note: Should a student give a correct graph without any justi�cation, then only the

points for the graph are given (up to 0.8 points)
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Solution B2: [1.9]

Since the non-linear element is oscillating between the switched on and switched

o� branches we can put UX = ρIX , where ρ takes the value Ron or Roff depending on

the branch. Hence, we get the Kircho� law

RρC
dIX
dt

= E − (ρ+R)IX 0.5

This equation admits a unique solution

IX(t) =
E

ρ+R
+

(
IX(0)− E

ρ+R

)
e
− ρ+R
ρRC

t
.

For the voltage drop on the non-linear element we obtain

UX(t) =
ρ

ρ+R
E +

(
UX(0)− ρ

ρ+R
E
)
e
− ρ+R
ρRC

t

There are 0.5 points distributed as follow for UX(t):

• Correct exponential 0.2

• Correct constant term (t→∞) 0.1

• Correct coe�cient in front of the exponential 0.1

• Correct equation for UX(t) 0.1

Time spent by the system on the switched on branch during one cycle:

ton =
RonR

Ron +R
C log

(
Uth − Uon

Uh − Uon

)
= 2.41 · 10−6 s, 0.4
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Time spent by the system on the switched o� branch during one cycle:

toff =
RoffR

Roff +R
C log

(
Uoff − Uh

Uoff − Uth

)
= 3.71 · 10−6 s. 0.4

The total period of oscillations:

T = ton + toff = 6.12 · 10−6 s 0.1

Solution B3: [0.7]

Neglect the energy consumed on the switched o� branch. The energy consumed

on the switched on branch during the cycle is estimated by

E =
1

Ron

(
Uh + Uth

2

)2

ton = 1.18 · 10−4 J. 0.4

For the power, this gives an estimate of

P ∼ E

T
= 19.3 W. 0.2

An order of magnitude is 10 W. 0.1

Note: For any other alternative solutions (highest value on the upper branch, integration

or any other reasonable method), 0.4 points are awarded for the calculation of the en-

ergy dissipation, 0.2 for the calculation of the power and 0.1 for estimating the order of

magnitude.

Solution B4: [0.6]

The wave length of the radio signal is given by λ = cT = 1.82 · 103 m. 0.2
The optimal length of the antenna is λ/4 (or 3λ/4, 5λ/4 etc.) 0.3
The only choice which is below 1 km is s = λ/4 = 454 m. 0.1

Part C. Thyristors in biology: neuristor (2 points)

Solution C1: [1.2]

For E ′ = 12.0 V, the steady state of the system is located on the switched o�

branch:

U ′ =
Roff

R+Roff
E ′ = 9.23 V.

When the voltage is increased to E = 15.0 V, the system starts moving to the right along

the switched o� branch (in the same way it did in task B).

If the voltage drops again before the system reaches the threshold voltage, it will simply

return to the stationary state.
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If system reaches the threshold voltage, it will jump to the switched on branch, and it

will make one oscillations (since τ < T ) before the voltage drops again and it returns to

the stationary state.
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Solution C2: [0.6]

The time needed to reach the threshold voltage is given by

τcrit =
RoffR

Roff +R
C log

(
Uoff − U ′

Uoff − Uth

)
= 9.2 · 10−7 s.

Note: This is the same formula as for to� in task B2, with Uh replaced by U ′.

• Correct time constant 0.2

• Correct choice of voltages 0.2

• Correct �nal formula 0.1

• Correct numerical value 0.1

Solution C3: [0.2]

Since τ > τcrit, the system will make one oscillation. We conclude that the sys-

tem is a neuristor. 0.2

Note: 0.2 are given only if �Yes� is checked, regardless of the development of the other

tasks (it is meant as a reward for a correct conclusion based on a correct calculation).

6


