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(a) Drawing a T(r) graph

The graph should present or clearly infer for the four
elements shown in the figure.

1(r) horizontal tangent

T, / ................. |

C

convex part
— nonzero slope

o S B

concave

0 c a r
Element of the graph Pts
Horizontal tangent at r =0 0.5
Graph is concave and decreasingin0<r<ao | 0.5
Graph is convex and decreasingino<r<a | 0.5
Nonzero negative slope atr =a 0.5
Totally on (a) 2.0

(b) Finding T,

Approach with a direct solution of the heat-
transport equation.

Consider a cylindrical cut of the disk with radius r.
Let P,ps(r) be the portion of laser power absorbed
within the cylinder. The absorbed power is being
transferred as heat towards the outer holder through
the circumvent surface 2nbr of the cylinder. The
heat-transport equation reads:

—k(errb)d];l—ir) = Paps(1)

(1)
Depending on r, the absorbed power is given by two
different expressions. Within the illuminated area
0 < r < o, the incident light intensity I = Py /(rd?) is
constant, so the absorbed power is:

2
r

Paps(r) = Imr® = APL.—
ag

(2)
and the solution for T(r) is quadratic in r:

APy r?

T =Te - 45tkbo?

(3)

where T, = T(0) is the temperature at the center. It is

clear from that expression that the parameter m is:
APy,

m=— =-1.1-10" Km™2
4mkbo?

4)

Outside the illuminated area, i.e. for o < r < q,

P.s(r) = APr, which does not depend on r. The so-
lution for T(r) is logarithmic in r:

APy, a
T =T+ 5010 (F)
where Ty, = T(a) is the temperature of the holder,
which is equal to the temperature along the outer

()

rim of the disk. After matching the two solutions at
r = 0 we obtain:

Tc=Th+£TIZE) [1+21n(g)] = 41°C (6)
Task Pts
Writes down the heat-transport equation in | 0.7
radial coordinates
Derives an expression for Py, at 0 <r<a 0.5
Finds a quadratic solution for T(r) in the re- | 0.5
gion 0 < r < o (Subtract 0.2 pts. if he
boundary condition T(0) = T has not been ac-
counted for)
Identifies the expression for m (Subtract | 0.2
0.1 pts. if the minus sign is missing)
Calculates m numerically (Subtract 0.1 pts. | 0.2
if the minus sign is missing)
Derives an expression for Py, at o <r<a 0.3
Finds a logarithmic solution for T(r) in the | 0.5
region ¢ < r < a (Subtract 0.2 pts. if he
boundary condition T(a) = T, has not been ac-
counted for)
Sets up an equation by matching the two so- | 0.6
lutions atr=a
Writes down the final expression for T 0.2
Calculates Tc numerically 0.3
Totally on (b) 4.0

Alternative approach - direct piece-wise inte-
gration of the heat-transport equation.

After realizing that P.u(r) is given by a piece-wise
function:

ifo<r<o
ifo<r<a

AP 2 ) 2
Paps = { L /G (7)

APp = const

the student may substitute the given solution T(r) =
T. + mr? into heat-transport equation (1) for0 <r < o.
This gives directly the expression (4) for the param-
eter m. The parameter T, could be easily identified
with the temperature T(0) at the center of the disk.
On the other hand, T, = T(a) due to the thermal con-
tact between the rim of the disk and the holder. It
follows from the heat-transport equation that:

dT (r) _ Paps (1)
dr  2mkbr (8)

The piece-wise integration of the two sides of the
equation in the interval 0 < r < a gives:

a
_ _ Paps(7)
T(0) - T(a) =T, — Ty _/0 e dr

_ /G Paps (1) dr+/a Pabs(r)dr
o 2mkbr o 2mkbr
APp, a

= 2L 1401 —]
4nkb[ " “(o)

which is equivalent to the expression (6) for T..

9
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Task Pts
Writes down the heat-transport equation in | 0.7
radial coordinates

Derives an expression for P, at0<r <o 0.5
Derives an expression for P,y ato <r <a 0.3
Substitutes the given form of T(r) into heat- | 0.3
transport equation for the region 0 <r <o
Obtains the expression for m (Subtract | 0.2
0.1 pts. if the minus sign is missing)

Calculates m numerically (Subtract 0.1 pts. | 0.2
if the minus sign is missing)

States that T, = T(0) 0.2
States that Ty, = T(a) 0.2
Expresses T. — Ty through integral of dT/dr in | 0.3
the 0 < r < a interval

Calculates the integral in the 0 < r < g inter- | 0.3
val

Calculates the integral in the 0 < r < ainter- | 0.3
val

Writes down the final expression for T, 0.2
Calculates T, numerically 0.3
Totally on (b) 4.0

(c) Finding the focal length

Approach based on the Fermat’s principle

We consider only the illuminated area of the disk
(0 < r < g). Due to the nonuniform temperature dis-
tribution, the index of refraction is also r-dependent,
which leads to a bending of the light rays incident at
nonzero radii r, as shown schematically in the figure.
As a result, the light rays exiting the disk, converge
toward the optical axis, and, eventually, cross it in a
certain point at a distance f from the disk.

b
n/2— ¢ [y n/2
R S Sde Mh

Since the ray bending is relatively small, one may
assume that: (i) the rays travels approximately the
same distance b inside the disk; (ii) any given ray
enters and exits the disk at approximately the same
height r; (iii) f > r. Thus, the optical pathway s(r) of
a ray, incident at a height r above the optical axis, is:

2

s(r) = n(Mb+Vf2+r2 ~ n(r)b+f + zr_f

According to Fermat’s principle, in order that all the
rays focus at the same point, it is necessary that s(r)
is constant within 0 < r < ¢. In particular, s(r) = s(0)
for any r, which leads to the condition:

2

(10)

b(n(0) - n(r)) = Zr—f (11)
Since:
n(0) - n(r) = p(T(0) = T(r)) = —ymr? = ylm|r*  (12)

condition (11) is satisfied if

2

ybim|r? = ;—f (13)
The beam hence focuses at
1
f= 2ybim| (14)

Taking into account the expression for m derived in
part (b), we represent the answer in terms of the
known parameters and calculate its numerical value:

_ 2nka*

= ~ 0.94m
f yAP

(15)

Alternatively, the student may state that the optical
pathway s(r) does not depend on r and use the con-
dition ds/dr = 0, which gives:

dn(r) ro_
= b+ 7= 0 (16)
Since: () dndr
n(r n
T—ﬁE—VZmr (17)
we obtain: -
—+2bymr=0 (18)
The beam thus focuses at:
1 2nka?
f= oo = vap = 0%4m (19)
Task Pts
Formulates assumptions (i) and (ii) or equiv- | 0.2
alent statements
Derives a general expression for the optical | 0.8
pathway s as a function of r
Uses that f > r and derives approximate | 0.5
quadratic expression for s(r)
States that focusing takes place when s(r) is | 0.5
the same for all rays converging in the focus
Writes explicitly equation in the form s(r) = | 0.5
s(0) OR ds/dr=0
Uses the T(r) dependence to derive the n(r) | 0.5
dependence OR to find dn/dr
Derives an expression for the focal length f | 0.8
in terms of m or of the parameters given in
the problem statement
Calculates f numerically 0.2
Totally on (c) 4.0

Approach based on a direct ray/wavefront trac-
ing

As a next approximation, the light ray inside the disk
can be modeled as a circular arc of a radius R (R > b,
see the figure). As a result, the ray exits the disk at
a smaller height r — h above the optical axis (h < r).
The angle of bending ¢ of the ray inside the material
is related to h by:

coswzl—ﬁ (20)

R
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From the Snell’s law it follows that:
n(r)sin(m/2) = n(r — h) sin(/2 — @) = n(r —h)cos@ (21)
Up to terms, linear in h, one may write that:

_ nr) n’(r)
cos<p_n(r_h)~1+n(r)h

(22)

Thus, the radius of the ray inside the material, is:

n(r)

- n(r) (23)
and the bending angle is approximately:
_ 2 _ _n’(r)b
?=r~ n(r) (24)

Alternatively, the students may trace a small part of
the wavefront, associated with two rays, incident at
close distances r and r + dr from the optical axis. By
noticing that the wavefront is perpendicular to the
rays, the angle ¢ of deviation of the rays is equal
to the angle of rotation of the wavefront. Let v(r) =
c/n(r) be the speed of light in the material at a dis-
tance r from the axis. The time-rate ¢, i.e. the angu-
lar speed of the wavefront is:

¢ = dv(r)/dr = —cn’(r)/n(r)? (25)
v(r)+dv
r+dr
v(r
r
wavefront ray

The rays reach the opposite surface of the disk in
approximately the same time t = bn(r)/c, so the total
deflection angle of the wavefront, and of the rays,
thereof, is ¢ = ¢t = —n’(r)b/n(r)

Upon exiting the disk, the ray undergoes additional
refraction, and inclines at a new angle 6 relative to
the optical axis. The Snell’s law in the small-angle
approximation (sin6 ~ 6, sin ¢ ~ ¢) states that:

0=n(r-he~nr)p=-n(r)b (26)
Since n’(r) = yT’(r) = 2mr, one obtains the following
expression for the angle of inclination:

0 = 2y|m|r (27)
It is clear from the figure that:
r—-h r 1
f=@ne~a" 2ylm|b (28)

which reproduces the result obtained by the Fer-
mat’s principle.

Task Pts
States or shows on a graph that the light | 0.2
ray inside the material can be approximated

by an arc OR illustrates on a graph that the
wavefront is perpendicular to the light rays
Derives the relation cos¢ = 1 — h/R or equiv- | 0.5
alent OR expresses the time of travel of the

ray across the disk

Applies the Snell’s law to the ray path in- | 0.8
side the material OR derives a formula for

the time-rate ¢ by considering the wavefront
passing through two closely separated rays

Finds expression for the bending angle ¢ in- | 0.5
side the material

Applies the Snell’s law for the refraction of | 0.5
rays exiting the disk

Uses the T(r) dependence to find n’(r) 0.5
Derives an expression for the focal length f | 0.8
in terms of m or of the parameters given in

the problem statement

Calculates f numerically 0.2
Totally on (c) 4.0

Alternatively:
Consider a ray incident at a specific height ry. Let
x € [0,b] be the horizontal coordinate of the ray inside
the material. Our goal is to find approximately the
profile r(x) of the light ray inside the material. From
Snell’s law:

n(r) cos ¢ = n(rp)

Since:
tan o dr(x)  +/(1-cos? )
=" T cos ¢
we obtain:

_dr(x) _ V(n(r) = n(ro)) (n(r) + n(ro))
dx n(r)

Since n(r) ~ n(ro) + n'(ro)(r — ro) = n(ro) + 2y|mro(ro — r),
the differential equation approximates to:

dr(x)  [aylmlro ——
— = 0_
dx n(ro) '

which is solvable by separation of variables and gives
an approximate parabolic path:

_.._Yimlro ,
r(x)=rg —n(ro) X
Finally, for the angle, just before exiting the disk, we
obtain:

2y|m|rob

~tangp = -r'(x=b) =
® 0 ( ) n(ro)
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Task Pts
Applies the Snell’s law to express the angle | 0.8
¢ dependence on r for one ray

Expresses tan ¢ = dr/dx 0.2
Applies approximation to derive a separable | 0.8
differential equation for r(x)

Integrates to obtain parabolic path 0.5
Finds expression for the angle ¢, before exit- | 0.2
ing the disk

Applies the Snell’s law for the refraction of | 0.5
rays exiting the disk

Derives an expression for the focal length f | 0.8
in terms of m or of the parameters given in

the problem statement

Calculates f numerically 0.2
Totally on (c) 4.0

(a)

The brick is squeezed between the plates and con-
strained between the plates, so the normal force on
the top and bottom surfaces of the brick must be
equal.

Since the brick is moving relative to each plate,
the kinetic friction vector on each surface must also
be equal in magnitude, but in a direction given by
the relative velocity of each plate with respect to the
brick. Note that this statement is true whether the
plates are moving at the same speed, or different
speeds.

A simple vector diagram can illustrate the velocity
vectors, the frictional force vectors, and the net force
vector.

Uy

F
1251

Fy

Then d = F/m, and after a time At the new relative
velocity vectors will be given by

Uz

alAt

251

By symmetry, this continues so that the accelera-
tion of the brick is always at 45 degrees, until even-
tually,

Uz

U

Figure 1: Vector diagram for solution of part (a)

As such, v = uy/V2.
(a) Pts
Use symmetry to find u; = u). Must 1.0
be stated!

u; = -u, at steady state. Must be 1.0
stated!

Vector diagram or algebraic equiva- 1.0
lent Fig 1

Correctly find v 1.0

Total on (a) 4.0
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The two “must be stated” points above need some
sort of clear justification, but does not need to be
written out in sentences. Just using it in the vector
diagram is not sufficient to earn the points.

Special case for students who solve part (b) first

A student who solves part (b) correctly, and then uses
it to write the answer for part (a) correctly will get
full marks for part (a). A single trivial mistake in the
application of a fully correct part (b) to part (a) will
result in half marks for part (a). Trivial mistakes are
a clearly identifiable sign error in an an algebra ex-
pression, or dropped coefficient between lines. Mis-
takes that make the answer dimensionally incorrect
or physically improbable are not trivial, and would
result in 0 marks for part (a).

A student who does not have full marks for part (b),
but who used the results of part (b) to answer part
(a), will get no marks for part (a), even if the answer
to part (a) is correct.

(b)

Though the initial vector diagram for velocities looks
different, the force components are still equal in
magnitude, directed along the relative velocity vec-
tors.

u

F,

251

F

Then @ = F/m, and after a time At the new relative
velocity vectors will be given by

125

~

u
alt

U

4

The process is repeated, where the direction of the
net force is the angle bisector of the relative velocity
vectors i} and i)

Uz

Fy

Figure 2: The correct construction to find direction
of net force

As the quantity aAt is a small quantity compared to
the magnitude of the velocity vectors, we can con-
clude that an equal amount is removed from each of
the velocity vectors, so that magnitude comparison

Ui — Uy = Uy — Uy (29)

is a conserved quantity.

For the next step, the net force vector is still the
angle bisector for u; and u,. The above arguments
will hold true for the conserved quantity, and then
the final velocity can be found by

’

u
2 u,

u

U

Figure 3: Vector diagram for solution of part (b)

Then
(U +up)? = ud +ui = D? (30)
and
U —uy=u —Uy =6 (31)
can be solved for v} and u), with
o Lop_
u, = 2(D 6)
and X
u’l = E(D + 6)
This gives the components of v as
u, u )
Vy = BZul = ?1 (1 - 5) (32)
and )
293
Vy = Bluz = 7 (1 + B) (33)
and the magnitude is
1 1)
V= E\/D2+62—25 (u? -ud) (34)

Writing this in terms of u; and u; is left as an exercise
for the reader.

(U1 — uz)?(u + uy)

[1,2 2
u1+u2

1
= — |wuz — (U1 — up)?

V2

1
|y 2 _ -
2 uy + u; — Uz

V=

Ui + Uy
/=2

2 2
uy +u2
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(b) Scheme G1 Pts
Show/explain that d is always angle 1.0
bisector

Show that § (Eq 29) is a constant of 1.0
the motion

uj and u), are in opposite directions at 1.0
steady state

Vector diagram for relative velocities 1.0
Fig 3

Apply D (Eq 30) or equivalent 0.2
Apply 6§ (Eq 31) or equivalent 0.2
Correctly find v, or v, 0.4
Correctly find other one 0.2
Correctly find v 1.0
Total on (b) 6.0

A student who correctly finds v without explicitly
writing vy and v, will be assumed to have found v, and
vy by applying D and § and should get those points.

An incorrect value for v, or v, or v that is dimen-
sionally correct and wrong only because of a math
error will get half marks, but the math error must be
clear.

Writing v in an equivalent form of Eq. 34 but not in
the final form in terms of u; and u, only receives only
0.6/1.0 points for last part.

Possible Error Scenarios

Students who attempt graphical approach who have
an error below should follow the grading scheme be-
low.

1. Assuming that the direction of the frictional
force is given by the vector sum of the rela-
tive velocities.

An example of the improper vector construction
is shown in the following figure.

Uz

F F

Fy

1251

>

The immediate consequence is that Eq. 29 is no
longer true. With quick inspection, the student
should conclude that the final state must have
iy = -y, and then the graphical velocity picture
would be, at steady state,

uz

u

(b) Scheme E1 Pts

Vector diagram showing (incor- 0.5
rect!) force direction, or equiva-
lent statement

A clear statement that the (incor- 0.5
rect) force direction depends on
the vector sum of the relative ve-
locities (see note below!)

Explicitly stating (incorrect!) ﬁi = 0.5
i, at steady state.

Vector diagram for steady state, 0.8
or equivalent statement

Stating v = %\/u% +u’ 0.7
Total on (b) 3.0

There is no other partial credit possible for this
approach.

Note: the student must demonstrate knowledge
that the force is proportional to the relative ve-
locity; if they only look at the force at the start
of the problem, and never address what happens
as the problem evolves, they don’t get this 0.5
points.

. Assuming that the direction of the final ve-

locity is orthogonal to the vector difference
of the velocities of the plates.

This scheme only applies when a student explic-
itly states that v is perpendicular. Do not use this
grading scheme if it is simply a vaguely drawn
vector diagram.

It is true that the acceleration vector approaches
the steady state orthogonal to the hypotenuse of
the triangle, but not the final velocity. As such,
the following vector diagram is wrong:

Us u

251

It is possible that the student started with some
correct physics according to the original ap-
proach, and then makes the above assumption
to finish the problem; it is also possible that they
started with the perpendicular assumption.

If the only mistake is a bad final vector di-
agram with a perpendicular marking, but
then did the algebra based on D and § then
use the following:
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(b) Scheme E2A Pts
Show/explain that a is always an- 1.0
gle bisector

Show that § (Eq 29) is a constant 1.0
of the motion

u; and i, are in opposite directions 1.0
at steady state

Vector diagram above (incorrect!) 0.5
for relative velocities at steady

state, or any statement that final

v is orthogonal.

Apply D (Eq 30) or equivalent 0.2
Apply 6 (Eq 31) or equivalent 0.2
Correctly find vy 0.3
Correctly find v, 0.3
Correctly find v 1.0
Total on (b) 5.5

A student who correctly finds v without explicitly
writing v, and v, will be assumed to have found vy
and vy by applying D and § and should get those
points.

An incorrect value for v, or v, or v that is di-
mensionally correct and wrong only because of
a math error will get half marks, but the math
error must be clear.

Writing v in an equivalent form of Eq. 34 but not
in the final form in terms of w; and u, only re-
ceives only 0.6/1.0 points for last part.

If the mistake is that they used the perpen-
dicular vector diagram to solve the problem,
then their answers would be different, so
use the following:

(b) Scheme E2B Pts
Show/explain that a is always an- 1.0
gle bisector

Show that § (Eq 29) is a constant 1.0
of the motion

u; and u) are in opposite directions 1.0
at steady state

Vector diagram above (incorrect!) 0.5
for relative velocities at steady

state, or any statement that final

v is orthogonal.

Find (incorrect!) v = uluz/\/u§ + U 1.0
Total on (b) 3.5

A dimensionally correct formula for v that differs
from above because of a single math error in a
clear derivation based on the figure will get 0.5
out of 1.0 for the v.

3. Assuming that the final velocity is the aver-
age of the vector velocities of the plates.

Note that this approach yields the same result as
a previous approach, but it is not worth as many
points, as the fundamental physics starts from
a higher level incorrect assumption. Here, the
student is just assuming that the final speed is
an average, in the previous approach the student

had an error in the direction of the forces. If they
use forces, a previous grading scheme applies.

Uz

U

% uy

U

(b) Scheme E3 Pts
Explicity stating u, and u, are 1.0
in opposite directions at steady
state.
Vector diagram above 0.5
Stating v = %\/”% +u’ 0.5
Total on (b) 2.0

There is no other partial credit possible for this
approach.

4. Assuming that the final velocity is the vector
sum of the velocities of the plates.

Though very tempting, it violates so many re-
quirements for a steady state solution that this
is not worth very many points at all.

Uz

U
(b) Scheme E4 Pts
Vector diagram above 0.5
Total on (b) 0.5

There are no points for finding an expression for
v, as the method is just wrong.

Alternative Approaches

Non-Cartesian Differential Equations Effec-
tively a graphical approach without graphics, one
can focus on the relative velocity vectors as coordi-
nate axis. Then the important equations of motion
are

duq, F duy, F

@ - m ™ T (35)

where the force magnitude F is a function of the rel-
ative directions of the coordinate axes u;, and iy, .

The student can quickly realize that the difference
of these two expressions is zero, so that § is a con-
stant of the motion.

At steady state, F = 0, and this happens when i,
and iy, point in opposite directions.
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(b) Scheme A1l Pts
A set of differential equations Eq35 1.0
Show that § (Eq 29) is a constant of 1.0
the motion

uy and u), are in opposite directions at 1.0
steady state

Equivalent math statement or dia- 1.0
gram for steady state relative veloci-

ties Fig 3

Apply D (Eq 30) or equivalent 0.2
Apply 6§ (Eq 31) or equivalent 0.2
Correctly find v, or v, 0.4
Correctly find other one 0.2
Correctly find v 1.0
Total on (b) 6.0

A student who correctly finds v without explicitly
writing vy and v, will be assumed to have found v, and
vy by applying D and § and should get those points.

An incorrect value for v, or v, or v that is dimen-
sionally correct and wrong only because of a math
error will get half marks, but the math error must be
clear.

Writing v in an equivalent form of Eq. 34 but not in
the final form in terms of u; and u; only receives only
0.6/1.0 points for last part.

Follow on errors are not allowed for first parts, as
the math expressions are almost trivial. They are
also not allowed for the algebraic part at the end; see
possible mistakes above for possible scenarios where
points could be awarded by writing an equivalent al-
gebraic expression for the graphical approach.

Cartesian Differential Equations Attempting to
set up equations of motions in a Cartesian system
requires finding the direction of relative velocity of
each surface. Assuming that u; is in the x direction
and u; is in the y direction, and if the velocity compo-
nents of the block are v, and vy, the relative velocities
of the planes are

Utrx = U1 — Vy and ugry = —vy

and
Ugrx = —Vx and ugry = Uy — vy

The forces of friction from each plane are equal in
magnitude and directed along the relative velocity
vectors, so a steady state solution is when these two
relative vectors are in opposite directions.

The force vectors then have components

u Ur
Fix = F—* and F;y = F—~2
Uy Usr
and y "
2r
Fy = F—2X and Fyy = F—2
Ugr Ugr

This gives the following equation of motion for the

block:
Uzrx )
+
Ugr

dvy 0 = F (ury N Uzry
dt Y Tm Uqr Uy

=a, =
dt *Tm

dvy _ _ F (ulrx
Uy
and

A student might have noticed that this is a nasty
set of coupled differential equations.

Both of these have vanishing accelerations accord-
ing to the same condition:

2 2 _ 2 2
ulrxu2ry - quxulry

which is merely the statement that at steady state
the two relative velocity vectors are in opposite di-
rections. As this is still only one equation, it is not
possible to find the steady state v, and v, from this
alone. A simpler expression can be found, however,
(36)

Urlly = UpVy + UgVx — 2VxVy,.

This, however, is merely the statement of the
graphical vector diagram

uz

u

U

Still, it is not possible to know where the vector v
touches the line described by i — ii,.

This isn’t the end, however. Consider
2 _ 5,2 2
ulr - ulrx + ulry
Taking the time derivative, one gets
Ugrllyr = UgpxUyrx + Ugrylliry

Combine with the above, and

F [u?

2
u
. UyrxUorx 1r UiryUzr
Uryy = —— ﬂ+—+_y+#
m\ Uy Uzr Ur Uzr
which means
. UyrxUzrx  UiryUor
iy = 1 - - fnfry
U1rUor UirUor

Out of symmetry, an identical expression will be
found for iy, which means that
(37)

8= Uy — Uy

is a constant of the motion.

At this point, a student can apply the results of
Eq 36 with this constant difference formula and solve
for vy and v, as done in the first solution.

In the scheme below, finding the expression as-
sumes found correctly and completely, and a student
would get 0.2 points for (most) expressions. There
are no partial points if the equation is wrong.

However, for the first four categories only (marked
with an *, follow on errors are not penalized for work
based on a previous mistake, assuming that it does
not trivialize the result.
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(b) Scheme A2 Pts
Expressions for relative velocity 0.8
components (4 @ 0.2 each, *)

Expressions for force components (4 0.8
@ 0.2 each, *)

Expressions for acceleration compo- 0.4
nents (2 @ 0.2 each, *)

State a condition for steady state 0.5
Find equation for steady state or 0.5
equivalent to Eq 36 (must not have
relative velocity, or is incomplete, *)

Show that § (Eq 37) is a constant of 1.0
the motion (must be correct, regard-

less of follow on error)

Apply D (Eq 30) or equivalent 0.2
Apply 6§ (Eq 31) or equivalent 0.2
Correctly find v, or v, 0.4
Correctly find other one 0.2
Correctly find v 1.0
Total on (b) 6.0

A student who correctly finds v without explicitly
writing vy, and v, will be assumed to have found v, and
vy by applying D and § and should get those points.

An incorrect value for v, or v, or v that is dimen-
sionally correct and wrong only because of a math
error will get half marks, but the math error must be
clear.

Writing v in an equivalent form of Eq. 34 but not in
the final form in terms of u; and u, only receives only
0.6/1.0 points for last part.

Part a) (~3 pts)

Let us analyze how the current in the metal starts to
build up when we start moving the plate in the rest
frame of the magnets. The free electrons in the metal
try to move together with the plate in the +y direc-
tion, but a Lorentz force pointing in the —x direction
makes them deviate.

After some time the charge accumulation stops and
the charge and current distributions do not depend
on time anymore. According to Ohm'’s law,

-

ijp+ \7X§,

|

where j is the total current density, ¥ x B is the re-
sult of the Lorentz force, and fp is the current den-
sity caused by the electric field (and is therefore a
potential field).

Inside the circular region (r < R) the Lorentz term
is constant, but outside it is zero. Nevertheless, the
E-field of the accumulated charges is present there,
which gives rise to a current. In the steady state con-
sidered here, the charge distribution is constant in
time, and hence the total current density j is source-
free everywhere. However, this does not hold for jp
which is driven by the ”"sources” and ”sinks” along
the rim of the circular region of radius R. Those
sources and sinks compensate exactly the sources of
the Lorentz term mentioned above. Only a source-
free jump of the total current density is allowed on
the rim, resulting in the kinks on the streamlines
along the boundary.

Based on these considerations, we can draw a qual-
itative pattern of the current flow: inside the circular
disc, there is a flow in the direction of the Lorentz
force and the streamlines of the created flow of cur-
rent close onto themselves outside of that region as
shown in the figure below.




Hannover Germany

Pts
1.0

Grading scheme part a)
Streamlines are continuous and
arrows are consistent along each
streamline and streamlines don’t
meet or intersect

Twofold symmetry with respect to x-
axis (if axis is not indicated in any
way, only 0.1 p)

Twofold symmetry with respect to y-
axis (if axis is not indicated in any
way, only 0.1 p)

Indicating the boundary of the circu-
lar region

Breaking points on the boundary
(only rewarded if both inside and out-
side streamlines are shown)

Along the y-axis the direction of cur-
rent density is +x inside and —x out-
side (if axis is not indicated in any
way, 0.0 p; if the direction is correct
in only one rigion, 0.3 p; if there is a
sign mistake only, 0.3 p)

Stating that current density is ho-
mogenous inside is not required in
part a)

Total on part a)

0.2

0.2

0.1

0.8

0.7

0.0

3.0

Part b (~5 pts)

From here on, we make use of the uniqueness of the
solution to the correctly posed boundary conditions
for the Maxwell equations inside the plate. We need
to satisfy the condition that current density is source-
less everywhere, i.e.

}{fx&'lzo,

where j denotes the current density and integral is
taken over an arbitrary closed loop inside the plate.
The current density must satisfy the Ohm’s law in
differential form,

(38)

j=p Y E+VxB), (39)
where v denotes the velocity of the plate; the elec-
tric field caused by the accumulated charges E must
satisfy the circulation theorem,

%Eﬁz:o,

where integration loop can be arbitrary. To close the
system of equations we need to satisfy, we integrate
Eq. 39 either over a closed loop entirely inside or en-
tirely outside of the circular region then we obtain
zero, because for such loops 55 ¥x B-dl =0. From this
we conclude that for such integration loops,

j[f. il = 0.

Note that the electric field Epol of a polarised
cylinder satisfies Eq. 40, but we must also satisfy

(40)

(41)

Eqns. (38,39). We will look for such a solution in the
form of a superposition

j =P (Epo +V X B). (42)
First we need to find an expression for the field Epol.
To that end, we can consider the electric field pro-
duced by an infinite homogeneously charged cylin-
der of charge density q. From Gauss’s law, we can
conclude that inside the cylinder, E;(7) = 1qe;'7 while
outside the cylinder, Ec, = 1qe;'R*r~%F. Now we can
take another similar cylinder of charge density —gq,
displaced from the first cylinder by a small displace-
ment vector 5. With the origin still at the centre of the
positively charged cylinder, the electric field of this
negatively charged cylinder is written as —E; (7-3) for
points inside it, and as —E (7 - §) for points outside.
Note that in the overlapping area of the two cylin-
ders, the charge density is zero. We consider the
limit |§| — 0 while keeping the product ¢s = —-B, which
represents the volume density of the dipole moments
(i.e. the polarisation), constant. In this case, we ob-
tain )
Ei = Ea(F) - Ea(F - 5) = - Pey’! (43)
Outside, we have the field of the ideal two-
dimensional electric dipole. The ideal dipole creates
an electric field which is inversely proportional to
the squared distance: by considering the two over-
lapping cylinders introduced above, we can obtain
an expression for the field along the y axis, E,(y) =
Eco(rEy) — Eco(€y(r — s) which simplifies to

L 1. ,(R\?
Eo=-Pgy | =] .

5 - (44)

The normal component of this field exhibits disconti-
nuity o/e at the boundary of the cylinder given by the
surface charge density o, which can be found again
from the superposition of the two cylinders: the non-
overlapping region has the shape of a crescent moon
of width s in the x direction; this means that the width
in the radial direction is t = scos ¢, where ¢ denotes
the angle between the radius vector and the x — axis.
Hence, we can find the surface charge density as
o = qt = Pcosgp. Due to Gauss’ law, the radial elec-
tric field jumps by an amount given by the surface
charge density, {E;} = o/e. This corresponds to a
jump in the magnitude of the current density

{j} =p'o/eo =ptaPcose (45)

which must eliminate the discontinuity due to the
jump in the radial component of the Lorentz force
term in Eq. (42, equal to

{p™ (v x B),} = —vBcos 0. (46)

The cancellation occurs when P = —&,vBs,. Putting all
the results together, we can conclude that inside the
cylinder, the current density in the plate is homoge-
neous and equal to

(47)

S~y
Il
N =
©
<!
X
sl
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Outside the cylinder, along the y axis, B = 0 so that

j=plE, = —%}3851 (?)2 = —%p‘lﬁxﬁ (1;)2 (48)
Now we can plot the graph:
Ja vB
20
—R R Y

N

Part c(~2 pts)

Method 1: integrating the force density. Only
the current inside the magnetic field contributes to
the force. The force acting on an infinitesimal vol-
ume element dV of the metal slab is given by

ffffff -

dF = jinside X BAV .

Since finside and B are uniform in the region of non
zero B, and perpendicular, the integral simplifies to

-

F= jinsideB/ AV = jinside X BV = Jinside X BnR*S.

Using our previous result result for the current den-
sity we get

- TR . - = 7R2S 25
F= 0 (VXB)XB= B%v

The direction of the force is opposite to the velocity
of the plate, in agreement with physical intuition.

Method 2: integrating the dissipated power.

Due to energy conservation, the mechanical power
provided by the external force is dissipated in the
plate in the form of Joule heat:

Fv = Pgissipated -

The volume density of the dissipated power is gj?, so
the total power of dissipation can be written as an
integral over the volume:

Pdlssmated / Q]1ns1de av + / Q]outslde dv.

in out

The first integral simplifies due to the constant cur-
rent density inside the circular region of radius R:

1 2
/Q]mmde av = len51de Ev ’B? - nR*S.

in

In order to evaluate the second integral, let us calcu-
late j2 first:

outside

P L palr8 = L
Joutside = 49 r8 ’

where the absolute value squared can be simplified
as
|12V — 2F(FV) |2 = r*v? — 4r? (F) (i) + 4rt () (V) = r'v?

so the quantity j? ~utside d€PeNds on the distance r only
(and not on the polar angle):

1 4V2)|2 2
]outSIde 49 R rt B

Now the power dissipated outside the circular region
(r > R) can be written as:

-2 2
/Qjoutside /4_ r4B - 267r dr
R

out

Let us evaluate the integral:

ZBZnR‘* dr
5=
R

It is an interesting coincidence that the power dissi-
pated inside and outside is the same. Now the total
power of dissipation is known and the force can be
calculated:

ZanR45 1

)
/ QJoutside av = 2 Rz '

out

PdlSSlpated nR%*S B2y
v 20 '

F =

An incorrect method of obtaining the correct
answer. The correct solution described above can
be carried out with minor modifications when using
the reference frame of the plate, where the circular
region of the magnetic field moves with velocity —v.
The only difference is that the Lorentz force ev x B
acting on the charge carriers in the cylinder frame
is now replaced by the Coulomb force eEz, where
Ep =V x B is the electric field resulting now from the
Lorentz transformation.

What we need to notice is that there is no electric
field outside of the cylinder (r > R) at large distances
in the z direction from the plate. Indeed, there are
clearly no fields there (neither B nor E) in the cylin-
der’s frame. Using the Lorentz transformation it is
clear that no fields can emerge in our new frame.
Meanwhile, outside the cylinder and inside the plate,
there is definitely an electric field driving the cur-
rent flow as derived above. The tangential-to-the-
plate electric field cannot be discontinuous at the
surface because the electrostatic field (in the cylin-
der’s frame) is potential. Hence, outside the cylinder
and outside the plate, there is also an electric field
in the neighbourhood of the plate, It is caused by the
charge density formed on and in the plate, the gen-
eration of which is described in the solution of Part
A. From large distances, however, these charges are
seen as an electric dipole, whose field vanishes in-
versely proportional to the cubed distance.

A tempting but incorrect approach is trying to de-
scribe the motion of the cylinder in the plate’s frame
as a discontinuous stepping motion of the cylinders:
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at the current position of the cylinder, the magnetic
flux disappears and at the same time reappears at
a small distance away from its previous position.
According to the Faradey’s law, the disappearing
flux will produce circular clockwise fieldlines of E,
and the reappearing flux will produce slightly dis-
placed counterclockwise fieldlines. The correspond-
ing fields and their superposition E(7) can be easily
calculated, see below. The result turns out to be ex-
actly the same as the field E,(7) obtained above for
the field inside the plate. However, the equivalence
of these fields is just a coincidence (there is a good
reason for this coincidence: in both cases, the field
is obtained as a superposition of the fields produced
by two overlapping cylinders). Furthermore, there
is a fundamental difference: in reality, the field E,(7)
is only observed in the plate (at z ~ 0) and disap-
pears at z > R; meanwhile, in the stepping cylinder
model, the field E¢(¥) remains the same regardless of
the value of z.

The reason why the stepping cylinder model gives
an incorrect result — producing an electric field in
those places where there clearly is none — lies in
the theory of relativity. A continuously moving (not
stepping) cylinder obtains a surface charge, because
the current density and the charge density together
form a 4-vector. There is a bound surface current
on the surface of the cylinder (creating the magnetic
field inside), and as the cylinder moves, the Lorentz
transformation tells us that there will now also be a
surface charge creating an electric field both inside
and outside the cylinder. So, with a moving cylin-
der, the changing flux creates an electric field out-
side which is cancelled out by the surface charges
on the cylinder. Inside the cylinder, these two fields
add up constructively.

In what follows, we analyse mathematically the
model of stepping cylinders. By considering two al-
most overlapping circles with a short time interval
7 between, it is clear that any flux change occurs on
rim (see fig. 1). This changing flux gives rise to an in-
duced electric field which makes the charge carriers
move inside the plate resulting electrical currents.

Considering the red region in the figure as the ini-
tial non-zero B field, and the green region as the non-
zero B field after time 7, the yellow overlapping re-
gion corresponds to a non changing magnetic flux,
while red on the right is decreasing, and green on
the left is increasing. The average rate of change of
B-field in the two regions is +B/7, respectively.

The induced electric field can be found as a super-
position of the electric fields generated by the flux

change in the two overlapping circular regions. For
one circular region with increasing B-field in the +z
direction, the magnitude of the electric field can be
found from Faraday’s law applied for a circular E-

field line:
do

E )
where the rate of enclosed flux change is given by

E.(r) - 2nr =

B .
do |7rt=, ifr<g,
de

nR*=, ifr >R.

T
From here the modulus of the induced electric field
can be expressed. It is convenient to write the result
in the vectorial form with the help of position vector
7, unit vector ¢, and Lenz’s law:

1B, . .
. E—rxez, ifr <R,
E.(r)= 1£R2_, R
———rxe, ifr>R.
27Tr?

A similar formula gives the E-field generated by the
region of decreasing magnetic flux, we only need to
change the sign and replace 7 with 7 - vr.

©c;

fig. 2

Now take the superposition of the induced electric
fields produced by the two overlapping circular re-
gions. Between the two magnets (r < R) we get

- -

> - - 1 1 Lo R 1.
Einside = E++E_ = E?rxez—i?(r—vr)xez = vaeZB.

Using the differential form of Ohm’s law f: E/o, we
can conclude that the current density in the metal
plate in the region r < R is uniform,

- 1. o
finside = —V X B,
Jinside ZQ

where we used that B = B,.
Similarly, in the region r > R we get:

o 5 o F—vT
Eoutside = E+ +E- = = -

1B r
27T

=T

Expanding the second term in the bracket up to first
order (|vt| < |F]):

r—vt

r—vr|?
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Substituting this into the formula of E,giqe and sim-
plifying:

] L)
Eoutside = EBR — 4 Xez.

Finally, the current density in the region r > R is the
following

> 1

9 RN
2 G TV =2r(rv) -
ide = —— XB
Joutside 29

r4

Note no. 1. Although it was not asked in the problem, it
is fascinating that the streamlines in the region r > R are
circles. To prove this statement, take a circle of radius a
with center located at vector d such that ap = 0 (see fig. 3).
The position vectors of the points located on this circle sat-
isfy the equation

IF -al* = a®,

Which can be rearranged in the form
2@ -1*=0

We will show that jyusiqe i tangent to such a circle, re-
gardless of the radius a.

Joutside

fig. 3

Consider the scalar product
Joutside (F = @ ~ |r*p = 27(FP) | (7 - @)
Opening the brackets and using the equality dp = 0 we get:
Joutside (7 = @) ~ (247 = r*)(FP)
which equals zero.

Note no. 2: The skin effect. Finally we need to discuss
the applicability limits of the solution obtained above. We
have assumed that at each point on the plate, the current
density is constant across the entire z-directional intersec-
tion of the plate. This requires the skin depth to be much
greater than the thickness of the plate. The skin effect
emerges due to the fact that for resistive media, the evo-
lution of the magnetic field can be described by a diffusion
equation

0B _d%B

at dz2’
where the diffusivity D = p/ug. This means that for a very
fast moving magnet, there is no time for the magnetic
field to penetrate into the plate. Since any current is sur-
rounded by a magnetic field according to Ampeére’s cir-
cuital law, if there is no magnetic field, there can be no
current, either. Consequently, the current will flow only in

a narrow boundary layer of the plate. For a diffusive pro-
cess, during a characteristic time z, the penetration depth
is estimated as VDr. With t estimated as R/v, we get the
condition

PR > u0v62

which is well satisfied for any metallic plates with rea-
sonable orders of magnitude (e.g. § ~ 1mm, R ~ lcm,
v ~1m/s).



